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ABSTRACT
On the basis of modern mathematical models, methods and information and
technologies, for example, an integrated stochastic nonlinear model of manmade processes and objects, suitable for the conditions of systemic crises,
were investigated and developed. Considered in this article are some aspects
of integration of a lot of domains and sectors of operation of modern complex
systems which are functioning and developing in the present-day conditions
of instability, crises and nonlinearity. In order to predict the development of
the state of an innovation economy, the nonlinear integrated stochastic model
of growthing dynamic in the phase space has been investigated and
developed. In the article, problem of the optimization of the management of
the activity of modern complex systems that develop and function regarding
current conditions of the instability are considered. The prospect of further
research based on the developed models is to conduct computer experiments
and their practical usisng. The development and study of criterias, methods
and models for optimal management of man-made objects and the creation of
making decision systems based on the proposed integral models in the state
space are also promising.
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1.

Introduction

Economic growth can occur extensively, that is, by attracting more resources into production, or intensively,
by increasing the efficiency of the use of available resources and introducing the results and achievements of
the scientific and technological progress (STP) and development into production.
Extended reproduction based on STP is a more progressive way of ensuring economic growth, that is, an
increasingly decisive role in the growth of a national economy is played by the achievements of science and
technology embodied in innovations.
It is innovation, as the crucial result of STP, that stimulates the growth of productivity and efficiency of the
utilization of production factors, as well as the improvement of the quality and competitiveness of a country's
products. Therefore, beginning the middle of the twentieth century, a number of leading countries of the world
within the group of developed countries have focused on innovation and establishing innovation economy,
combining the intensification of STP with institutional transformations in economy and public administration
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aimed at improving the quality of economic system organization and management.
The development of integrated models based on the use of mathematical models, methods and innovative
technologies for the purpose of controlling and forecasting the nonlinear dynamics of ecological-economic
and socio-humanitarian systems in the current conditions of crises and instability is a matter of urgent
importance. This approach is fully supported by the standpoints of many prominent scholars reflected in the
concept of sustainable development, which emerged as a result of the combination of three major models and
viewpoints (a three-dimensional model): economic, social and environmental as well as taking into account
knowledge, technology and random factors of influence of the environment et cetera [8, 26, 32] structure of
economic growth was made by R. Solou [28] and his followers. At the same time, R. Solow’s neoclassical
growth model lists STP among exogenous factors, which makes it impossible to explain the nature of the
growthing of labor productivity based on this concept.
Understanding STP as a factor of growth and economic development is also characteristic of the founders of
the "new theory of economic growthing", P. Romer and R. Lucas [14, 17]. Thus, in the endogenous concepts
of economic growth, an increase in labor productivity is associated with an increase in investment into
research and development, an increase in the number of researchers and scientists, as well as in investments
into human capital. These concepts, including their contemporary interpretations, which will be discussed
below, allow us to predict the level of STP and determine its impact on economic growth in the short and the
long terms.
Thus, the existing methods of taking STP into account in macromodels can be divided into two classes:
endogenous and exogenous. The key difference between endogenous and exogenous concepts consists in the
fact that in the former the level of technical progress is defined within the model, while in the latter it is a
parameter given from the outside.
Modern models of economic growthing taking into account the possibility of investing not only in physical
capital, but also in a number of other important resources and assets, in particular in human and intellectual
capital [15].
The solution of these problems requires the use of methods of economic-mathematical modelling of economic
growthing taking into account environmental, social and innovation factors. In view of the above, this
problem is a topical one. Only the integration of the modeling methods of socio-economic, ecological, cultural
and spiritual and other processes will ensure the stability and viability of the whole system [23, 26] The matter
of the impact of knowledge and scientific potential on the economy is scrutinized in the works of V.M. Heets
and others [8, 9] investigated the role of innovation in economic development. Methods of accounting for STP
in aggregated economic models have been described by S.A. Ayvazyan, M.Yu. Afanasyev, V.A. Rudenko,
G.B. Kleiner [1, 10] and others. The problems of mathematical modeling of the mutual influence of the
economic system and ecology are dwelt upon by a large cohort of foreign scientists such as D. Ford,
V.Leontiev [13], J. Murakami, Y. Tsukui, W. A. Brock, D. Hsieh [5, 31], O.Tahvonen and J.Kuuluvainen
[30]. The most comprehensive is the model developed by Ya.Ya.Vagapova [32] which is the description of
the national economy through a system of nonlinear differential equations based on the model of
A.N. Moiseev [17] and V.Babenko [2, 30].
As it stems from the foregoing, in modern scientific literature, the integral and aggregated stochastic models
of economic growthing and economic development with production, R&D and education sectors that take into
account social, ecological innovation and other factors, are not yet presented.
It is also noteworthy that in present-day complicated conditions of instable development of modern economy,
a need arises to revisit the problems of modeling, forecasting and effective management. This is due to the
growing impact of the globalization processes, risk, uncertainty and factors on the economy as well as on the
performance of the individual regions and countries. Existing methods and forecasting models rely heavily on
the use of econometric models.
Therefore, the development and research of integrated models based on the use of mathematical models,
methods and innovation technologies with the aim of forecasting nonlinear stochastic dynamics of ecologicaleconomic and socio-humanitarian systems in the current conditions of risks and uncertainty is an urgent issue.
Purpose Statement
The problem of forecasting, modeling, managing and making decisions in the socio-ecological-economic
systems and in science on the whole is central and relevant. The purpose of this work also consists in the
development and research of an integrated socio-ecological and economic nonlinear stochastic model of the
dynamics of man-made objects and processes for forecast and optimal control in an innovation economy.
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The paper is based on the analysis of modern methods of stochastic dynamic modeling and forecasting of
various systems and processes and is a development of some research results of the first author [11,20,21, 26].
2.

Results and discussion

Proposed herein is an overview and analysis of some results received by several authors over the past few
years concerning macro- and micro-modeling of the stochastic dynamics of socio-economic, innovative and
humanitarian systems and processes that function and develop in complicated conditions of crises and
instability.
The development of dynamic models of complex systems and the solution of the tasks of optimal and
forecasting control of such systems remains a topical area of research in modern science and practice with
vistas for application in various fields. A characteristic feature of complex dynamic systems is their inherent
problems of temporary failure of applied managerial principles and structural disproportion. To the examples
of nonlinear dynamic systems with such structure belong the systems of sustainable development of regions
and countries.
The concept of the sustainable development of the state as a whole and of individual regions makes it possible
to ensure a stable and balanced development of the three areas of life: ecological social and economic,
incorporating the principles of economic efficiency, social security and environmental safety into a holistic
system.
Integration Models of Nonlinear Stochastic Dynamics in Innovation Economy
1. Model of the General Production of Industrial Sector
Y0 (t )  Y (t )  Z (t ), Y ( t )  C( t )  I ( t ) , I (t )   (t )Y (t ) ,
where Y0 (t ) is the total output;  (t ) is the rate of accumulation: 0   (t )  1 , Z (t ) is the volume of
pollution ("malicious" output).
The integral output/outcome model in respect of all capital (resources) can be defined as, for example, in case
of multiplicative dependence, the production and technological function (PTF) and will look like this:
Y (t )  A(t ) K d1 (t ) Ld 2 (t ) H d3 (t ) N d 4 (t )Фd5 (t )S d 6 (t ) I d 7 (t ) .
The following denotations are used here: K is physical capital, L is labor, H is human capital, S is social
capital, F is financial capital, N are natural resources (land, water, etc.), A(t) is function level scientific and
technological and technological development, for example, where A(t )  a [T (t )]d is the volume of innovative
technologies (resources).
In the general case, the integral output can be represented as a nonlinear function:


Y (t )  F K (t ), L(t ), H (t ), N (t ), (t ), S (t ), I (t ); c 

Private variants of the PTF model. The Mankiw-Romer-Weil model is an alternative to accounting for human
H (t ) capital in the production function, along with physical capital K (t ) labor L(t ) and natural resources

R(t ) is Y t   K  t   H  t   At   Lt 1  , where  ,   0 ,     1 ; At  is the function / indicator
of technological and scientific progress. We will notice that  is the indicator of elasticity, the share of
capital, which is secured by increasing investment; is similarly determined or given β.
Release model for three assets:



Y (t )  A (t ) (1   1K (t )   K2 (t )   K3 (t )) K (t )

 (1  
1

1
L2

(t )   L22 (t )) L2 (t )



2

  Y Y , t eY (t ) ,

(1)

where Y ( t ) is the volume of "useful" output; K ( t ) is the volume of physical capital; L2 (t ) is the volume of
unskilled workforce (more precisely - labor force with relatively low qualification);  (t ) is the index of PTF,
depending on the volume of advanced production technologies used in production, for example,
 (t )  [w(t )]d , where  1K (t ) , d  const  K2 (t ) ,  K3 (t ) is the share of the use of physical capital in the
sectors of R&D, environmental and social, respectively, and 0  αK1 ( t )  1 , 0  αK ( t )  1 , 0  αK3 ( t )  1
2
1
and 0  α1 ( t )  α 2 ( t )  α3 ( t )  1 ;  L (t ) and  L2 (t ) are the shares of using of the volume of unskilled
2

K

K

K

2

labor in the ecological and social sectors 0   1L (t )  1 , 0   L22 (t )  1 , 0   1L2 (t )   L22 (t )  1 ; α1 , α2 are the
2

indicators of the measure of production function (elasticity of the output on K ( t ) and L2 (t ) ); 0  α1  1 ,
0  α2  1 , A is scale parameter: A  0 , eY (t ), t  T  is continuous-time white noise,  Y Y , t  is the
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volatility factor. Here L(t )  L1 (t )  L2 (t ) is the total number of employees.
The output growth depends on the initial capital stock and the random component proportional to its volume.
It is assumed that the average stock of capital for this period is determined on the basis of its retirement at a
fixed rate. Then the equation of increase in output can be written in the following form [33-35].
(2)
dY (t )  A(t ) K (t )dt  K (t )dt  A(t ) K (t )dWY (t ),
where dY (t ) is the growth of gross output for the period [t, t+dt];  is a fixed rate of capital retirement;
dWY (t ) is the increment of the Wiener random process with the mean, equal to zero, and dispersion dt.
We will notice that in the model (9), as well as in models of social and environmental development, the
volume of skilled labor is L1 (t ) clearly not present. However, on the efficiency of growth and development of
production, it affects, but indirectly, that is, for example, through the index and level of scientific, technical
and innovative development. This is shown below.
2. Equation of Capital Dynamics
The capital model is a model of economic growthing. Mathematical formalization comes from the works of
Solow, Sven, Ramsey. Detailed construction of the model is described in [6, 10, 34, 38].
The final model is written as follows:
d
[ K t ]K t  I (t )C t  Dt  B(t )K t WK (t ), K 0 K 0 , (3)
dt
where K(t) is capital, C (t) is the volume of consumption, I(t) is investment, R(t) are other resources, D(t) monitoring and reduction costs of pollutants, B(t ) - cost of hazard and stable development,  is a fixed rate
of capital retirement.
For example, I (t )  et F K (t ), L(t ), R(t ) , R(t) are auxiliary (concomitant) resources, and parameters  is the
rate of depreciation  is the pace of technological progress. F is the function of production. It with constant
elasticity of substitution (SEC) is used most frequently:


 1
 1
 1  1


F K , L, R    1 K    2 L    3 R   .



The simple form of recording of capital dynamics in a determined case is as follows:
d
[ K (t )]  K (t )   (t )Y (t ) or K (t )  K (t )   (t )Y (t ),
dt
where α is the rate of retirement of physical capital   0,  (t ) is the share of investments in the output.
3. Equation of Labor Dynamics
In the labor model, traditionally assumed is the exponential change in labor resources, that is,
L(t )  L0 exp t , L0  L(t0 ), where  is the parameter of the pace of growth, that is L  L . This model of
unlimited labor force growthing is not always reflected in practical application.
However, ragarding the "saturation" effect there is a more realistic model of the dynamics of labor resources


Lt  
, where Lmax is
max 

(LR) in the form of a logistic equation (that is, the Ferghülst’s equation): L(t )  Lt 1  L




the maximum permissible amount of LR (the maximum permissible number of employees).
The mini model of the functioning and development of economy will have the following form:
Y t   F K t , Lt , R(t ), C (t )  1  α Y (t ),
K (t )  -K(t)  Y(t), K t   K ,
0

0

L t   L1  L / Lmax , Lt0   L0 .
where K 0 is the initial volume of fixed assets, L0 is the initial number of labor resources.
Thus, we have a nonlinear dynamic model [26]:
kt   f k    1   t k t , k t0   k0 ,

ct   1    f k ,

 t     t 1   t ,  t   Lt  / Lmax ,
 t   L / L .
0
max
 0
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Following the logic of modeling, an expanded model of labor resources can be represented by one of the
following types:

Lt  
,
L t   Lt    Z Z t    C C t , L t   Lt 1  ~0
Z , C  
L

~
 L0 Z , C  
, L0  L0 .
L t   Lt  ln 

 Lt  

(4)

In the first equation of the constants  Z ,  C characterize the change in population (including in connection with
changes in mortality, fertility and migration) due to the ecological situation and the level of consumption in
the region. In the second and third ones, the function determines the L~0 Z , C  change of the upper limit of
the number of the entire working population of the region.
A separate problem is to determine the type of the function L~0 Z , C  .
Dynamics of all labor resources (LR). Let us now consider the dynamics of all labor resources, that
is, L(t )  L1 (t )  L2 (t ) , where L1 (t ) and L2 (t ) , respectively, are the volume of skilled and unskilled labor
capital, i.e. labor resource.
The growth of the volume of skilled labor L1 (t ) is modeled endogenously, while the increase in the volume of
unskilled labor L (t ) is determined by an exogenous given: L (t )   L (t ) , where  is the growth rate of the
2

number of labor resources (constant

2

2

  0 ). The modified logistic model is also considered here.

Assume that  1L1 (t ) is the share of skilled labor employed in the R&D sector, and 0   1L (t )  1 , and  L21 (t )  is
1

the share of the skilled labor force (human capital) employed in education, and 0   L2 (t )  1. .Let us note that
1
the condition 0   1L1 (t )   L21 (t )  1 makes the presence of skilled workforce L1 (t ) in L(t ) possible.
So
L(t )  (1   1L1 (t )   L21 (t )) L1 (t )  L2 (t ) .
(4*)
Thus, we arrive at the fact that dynamics is derived from the ratio:
d
d
[ L2 (t )]  L2 (t )   [(1   1L1 (t )   L21 (t )) L1 (t )]   (1   1L1 (t )   L21 (t )) L1 (t )   L2 L2 , t eL2 (t ).
dt
dt
Here eL2 (t ), t  T  is continuous-time white noise,  L L2 , t  is the volatility factor.

(4**)

2

However, despite the presence of skilled labor L1 (t ) , it L(t ) does not affect the efficiency of output in the
production, social and environmental sectors; therefore, in these sectors, no difference is drawn between
qualified and unskilled labor and for the sake of simplicity, the value L(t ) hereafter is called the volume of
unqualified labor force.
4. Equation of Natural Resources Dynamics
Let R(t) be auxiliary (concomitant) resources. Models of natural resources consist of two subsystems. This is
preconditioned by the presence of two types of resources: non-renewable and renewable.
For the modeling of renewable resources, models are employed that are similar to labor models, that is, the
model of Malthus, the model of the Ferghülst, the model of the Gompertz, the model of the Monoda, also the
Lotka-Volterra model with ragarding the dynamics of two mutually influential resources [23, 26].
Accounting for the actions of other subsystems of the economic and socio-ecological model will lead to the
expansion of a typical model of renewable resources. Such an extension can be made by adding additional
variables to the model:

d
(5)
[ Rt ]   R Rt    K K t   Y t    L Lt    R R, t eR (t ), R0  R0 .
dt
Here eR (t ), t  T  is continuous-time white noise,  R R, t  is the volatility factor.
A non-renewable resource model, unlike the previous model, will not include a regeneration clause  R Rt  ,
but will take into account the exploration of new fields:
R t   d K t , Lt , R(t )   K K t    L Lt   Y t , R0  R0 , (5*)
d K t , Lt , R(t ) is a function that determines the total amount of expenditures for the exploration of natural
resources depending on the capital expenditures K t  and the involved labor Lt  .
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5. Equation of the Dynamics of the Potential of the R&D Sector:


d 


[ (t )]  (t )  G (t )   L (t ) L1 (t )   K (t ) K (t ) s(t )   ,t e (t ), (6)




dt
1

1

2

1

3

4

1

 (t ) is the stock of knowledge and technology in the economy - the number of inventions that have
not lost their validity to year t ; (t ) is an increase in the stock of knowledge per time unit - the number of
new inventions per year t less outdated ones; L1 (t ) is the volume of qualified (more precisely, highly
where

qualified) labor (skilled labor taking into account qualifications, that is, the product of the number of skilled

s(t ) - social index; δ φ - the

workers and the level of skills of the average employee h( t ) , i.e. h(t ) L1 (t ) );
pace of knowledge release due to their aging

δφ  0 ;  1L (t ) is the share of skilled labor employed in the
1

R&D sector 0   (t )  1 ; γ1 , γ2 , γ3 are power parameters: 0  γ1  1 , 0  γ2  1 , 0  γ3  1 ; G is
a scale parameter: G  0 . Here e (t ), t  T is continuous-time white noise, and    , t  is the coefficient of
1
L1





volatility.
6. The Equation of the Dynamics of the Volume of Qualified Workforce in the Education Sector:

d

(7)
[ L1 (t )]   L1 L1 (t )  D  (t ) 1   L21 (t ) L1 (t ) 2   L1 L1 , t e L1 (t ) ,


dt
where L1 (t ) is the increase in the volume of skilled labor per time unit (the difference between the newly
created skilled labor and its retirement);  L21 (t ) is the share of the volume of qualified workforce employed in
1
2
education 0   L21 (t )  1 , 0   L1 (t )   L1 (t )  1 ;  L1 is the redundancy rate of skilled labor due to the

termination of active operations by the carrier of qualifications

 L  0 ; η1 , η2 are power
1

parameters: 0  η1  1 , 0  η2  1 ; D is the scale parameter: D  0 . Here, eL (t ), t  T  is continuous-time
1

white noise, and  L1 L1 , t  is the volatility factor.
7. Model of the Dynamics of the Total Volume of Pollution Z(t)
General presentation form:

d
[Z (t )]  g (Z (t ))  f * (c, K , L, R)(1 c)   Z Z , t eZ (t ), Z (0)  Z 0 ,
dt

(8)

where Y is the volume of "useful" output, K is capital, L is the number of employees (volume of work), c is
the volume of consumption, Z is the volume of contaminants ("harmful" output), L stands for investments, and
R are other resources.
Whereas the increase (growth) of pollution is equal to the difference between the volume of the abatement and
the volume of the destroyed pollution due to direct control of it and the result of natural decline (assimilation),
the dynamics of pollution in general can be described by the following differential equation:

d
[ Z (t )]  Z   Z  , where for a technogenic object (TO): Z   f k , Z    1      f k    z and for
dt
a technogenic
regional n economy as a whole (in case of mutual TO independence):
n

Z    i f i k i , Z     1   i   i  f i k i    z.
1

1

Ecological index equation:
d



(8*)
[ z (t )]   z z (t )  E (t ) 1   1L (t ) L(t ) 2  K2 (t ) K (t ) 3   Z Z , t eZ (t ) ,
dt
where z (t ) is the ecological index; z (t ) is the growth of the ecological index per time unit;  z is the rate of



 



reduction of the ecological index due to environmental pollution  z  0 ; ν1 , ν2 , ν3 are power parameters:

0  ν1  1 , 0  ν2  1 , 0  ν3  1 ; E is the scale parameter: E  0 .
8. Social Index Equation:
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d




[s(t )]   s s(t )  H  (t ) 1   1L (t ) L(t ) 2   K2 (t ) K (t ) 3   z3 (t ) z (t ) 4   s s, t es (t ) (9)
dt
where s(t ) is the growth of the social index per unit hour  s is the rate of decline of the social index in
connection with the increase of population morbidity, shortening the longevity, increase of the degree of
societal stratification and others  s  0 ; 1 , 2 , 3 , 4 are power parameters of elasticity: 0  1  1,
0  2  1 , 0  3  1 , 0  4  1 , H is the scale parameter: H  0 .
We will notice that the state of the social domain is also contingent upon the ecological state.
9. Equation of the R&D Index (R&D Factor)
which increases the efficiency of labor and capital use in production  (t ) :
d

[ (t )]   (t )  B (t )    (t ) 1  (t )     (t ) 2  s(t )   s s(t ) 3 z(t )   z z (t ) 4 (10)
dt
where(t ) is the growth of the R&D index, caused by a change in the number of advanced production





technologies used in production, per time unit,  is the rate of reduction of the STP index in connection with
the outdating of advanced production technologies   0 ; 1 ,  2 , 3 ,  4 are power parameters: 0  β1  1 ,

0  β2  1 , 0  β3  1 , 0  β4  1 ; B is the scale parameter: B  0 .
Note that  (t ) is the index of STP dependent on the number of advanced production technologies w(t ) that

are utilized in production, for example,  (t )  [w(t )]d , where d  const.
10. Dynamics Model of Investment I(t)
If, for example, the output is defined as Y  F K , L, Y  I  C, that is, the modified model of fund
dynamics ragarding the delay of investment flows (with a distributed lag and when the functions of the
nucleus ht     h0 exp r t    , that is, for a stationary case), will adhere to the following form [28].
K   K  I h t   C (t )  D(t ), K 0  K 0 ,
or

I h  rIh  h0 I 0 , I h (t0 )  h0 I (t0 ) .
k    k  ih t , k 0  k0 ,

 dih
(11)
 r    ih  h0 f k , ih 0  ih 0 ,

 dt
c  1    f k ,    .


At the same time, we notice that the flow of investments is also a stochastic process. Here, as before: C
denotes the volume of consumption, D are the costs of monitoring and pollution reduction efforts.
Equation (11) is the basic dynamic model of a controlled economic system, and as a controlling variable, one
can take specific consumption сt   С t  Lt  or a rate of accumulation, and the state variable – k(t) – is
capital intensity, that is, k t   K t  Lt .
11. Model of Consumption Dynamics
In analyzing and constructing the consumption trajectory we assume that the growth of consumption in the
period [t, t + dt] can be defined as follows [33]:
dC(t )  A(t ) K (t )dt  (1   ) K (t )dt  A(t ) K (t )WC (t ). (12)
The proposed model includes stochastic constraints constructed in view of the conditions of the basic dynamic
model of the general equilibrium by way of adding a random variable. Another approach to modeling the
relationship between consumption and investment under uncertainty conditions involves the partitioning of
risk assets and the simulation of their returns in the form of a random variable.
Random processes ragarding the equations of the system are the increments of the Wiener processes,
distributed under the normal law with the average equaling zero, and a dispersion being proportional to the
duration of a given time interval. Using the indicated property of the increments of random Wiener processes
and employing the Euler-Maruyama method, we can construct a discrete approximation of the stochastic
equations of the system in the form of linear recurrence relations. At the same time, the corresponding
recurrence relations, which are the discrete approximation of system constraints, are written as follows:
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Yt    Yt  ( At   ) Kt   At Kt K t ,
Kt    Kt  (( At   ) Kt  Ct )  Kt K t ,

(13)

Сt    Ct  At Kt   (1   ) Kt   At Kt K t ,
where Δ is the step of the temporary lattice, on which we will perform calculations in simulation mode; ξ t is
the realization of a random variable that obeys the normal standard law with the average equaling zero and a
dispersion equaling one.
12. Variant Criteria for Optimal Management
The criterion for the selection of an ecological and economic development strategy:

M C,Y , D, B  max,

(14)

where C, Y , D, B  is the welfare function, and M is a symbol of mathematical expectation.
Thus, we obtain a optimization hierarchical model of the system in the following form:
М{Z}  min, М{K}  max, Z   (Z , K , L, R, c), K  ( K , L, R, c).
In the case of the "small" integral control model, the utility function (UF) is a function of the parameters or
~ ,  ,  ,   , where { t , k  1,...,4} are the shares of non-production, environmental, R&D,
variables u
1
2
3
4
k
security, innovation and information technology etc. costs, and the criterion of optimality is then this relation:



T

(c, k , z, L, , S )   u~1 ,  2 ,  3 ,  4 exp   t dt  max~ .
{ i }

t0

To solve the problems of ecological and economic management (EEM) on the basis of cited stochastic and
deterministic models, one can use known classical methods of optimal control with constraints [28].
In general, the optimization criterion can Tbe represented as:

(a )   u~1 ,  2 ,  3 ,  4 , ...  exp   t dt  max~ .
{ }
i

t0

It requires even more integration of models and criteria (and limitations) of optimization of control and
making decision.
It is also important regards the random or stochastic factors of multiplicative and additive influence in models
and criteria.
That is,
 T
(a )   u~ 1 ,  2 ,  3 ,  4 , ...  exp   t dt  max~ .
(15)
{ }
i

t0

As a criterion in tasks similar to those in question, they usually take the objective function of maximizing the
average worker's consumption in a temporary interval:

C (t )
exp(  t )dt  max ,
0 L (t )  L (t )
1
2

T



(16)

where   0 is the discount rate, which reflects the degree of preference over of future consumption real
consumption. Note that criterion (16) is only the economic private criterion. That’s why, social and
environmental, innovation and other criteria of optimality are also needed integrally.
13. Problems of Synthesis Control in Stochastic Systems
Let's consider the task of optimal control synthesis in stochastic linear systems [18].
Under the phase state of the system we will understand the vector x  ( x1, x2 ,...,xn ) , where xi ,i  1,...,n is a
set of data characterizing the i-th sector of the system. Suppose that all sectors are equipped with some control
levers: u  (u1,u2 ,...,un ) .
Each of this parameters is a vector made up of numerical values of the indicators of various characteristics of
dynamics system. Let [t0, tk] be the period of development of the system under consideration. We will use 
to denote the vector of some additional parameters that are either determined by way of forecasting using
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statistical system data or are constants.
Thus, the dependence of each of the variables xi , i 1,...,n on the control variables ui of the states of the
system and the vector of parameters is investigated  .
In particular, the linearization model of the system has the following form:

x( , t )  A( ) x( , t )  B( )u( , t ),

(17)
n m

x( , t ) R n , u( , t ) R m , A( ) R
, B( ) R n m ;
where A( )  Aij ( ), B( )  Bij ( ) are matrices with parametric uncertainty; x( ,t)  xi ( ,t) is the state of





the system vector; u( ,t )  ui ( ,t ) is the vector of management;  is the vector of stochastic processes.
The task of synthesizing optimal control over a stochastic dynamic system is formulated as follows: to find the
law of optimal control in the form [18]:
(18)
u( , t )  Lxˆ( , t ),
and the target functionality for optimization (minimization) is given in the form:
t k



 0




J     ( xT ( ,t )Qx( ,t )uT ( ,t )Ru( ,t ))dt  p( )d .

(19)

That is, upon averaging we arrive at the following criterion of optimal control:
tk

J (u )  E[  ( x T ( , t )Qx( , t )  u T ( , t ) Ru ( , t ))dt ] min .

(20)

0

In a simple case, we can use the linear observation equation in the form: y(t )  H (t ) x(t )   (t ). In this
observation equation, H (t ) is a observation stochastic matrix which can be set for practical reasons, and  (t )
is a process of the "white noise" type, which can be set according to statistics data. In this case, in line with the
separation principle, we must solve two independent tasks [18].
In the early writings of the first author, the problem of optimal evaluation (filtration) in multiplicative-additive
blends was solved using the integral description of the filter. However, the problem of filtration can be
conveniently solved also by using the filter of Kalman for the linear case and the filter of Stratonovich for the
nonlinear right-hand side of the dynamics equation [18]. Estimates of the state are established as conditional
means with the construction and solution of the dispersion non-linear equations of the Ricatti type. This gives
the solution to the differential stochastic equation. It could be implemented in the form of the well known
system with feedback on the density of the distribution of initial conditions. The obtained state estimates
xˆ (t ) is used in solving the second problem, i.e. optimal control of the type uˆ(t )  L(t ) xˆ(t ). As noted above,
the problem of optimal control is usually based on the Bellman’s principle or the principle of maximum [18].
As a criterion, different quality functionals, as well as a vector of functionals, can be applied.
Conclusions
Based on the use of modern models, methods and information technologies for the forecasting of the state of
nonlinear dynamics of socio-humanitarian, ecological and economic systems which was integrated into
stochastic models of processes and objects suitable for systems of systemic crises have been developed and
investigated. The aspect of integration of many domains and sectors of activity of modern socio-ecologicaleconomic systems with elements of humanitarian parameters and variables – as complex systems of the
CEESH type [25, 26] that function and develop under diferent difficult conditions of crises and instability is
considered. As a result of complex formalization one of the variants of the integral economic, ecological,
social and innovation non-linear model of stochastic dynamics is received in the system of stochastic
differential and functional equations. Resulted the models of capital dynamics, labor resources (both
unqualified and qualified), dynamics of knowledge, technologies and education, dynamics of investments,
consumption, natural resources, etc. It is presented as the most complete integrated stochastic social and
ecologically oriented model of growth and development in the innovative economy.
The problem of forecasting of the state of a complex systems in the innovation economy based on the integral
model in the phase space with observation equations, variants of the forecasting model, аs well as the
development of filters and algorithms for solving problems of synthesis of optimal control in stochastic
systems in state space.
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The prospect of further research in this area is the conduct of experiments on computer and their widespread
practical use. The development and research of criteria, methods and models of optimal control of man-made
creation and objects of making decision systems on the basis of the proposed integral model in the state space
are also promising.
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