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Abstract: The article presents the continuation of studies of the features of the wheel movement the
traditional and perspective constructive scheme on a rail. Unlike the traditional design, the perspective
constructive scheme of the wheel allows independent relative rotation of the support surface wheel
and of its guide surface (flange) relative to their common axis of rotation. Previous authors’ works did
not take into account the influence of the level of slippage in the main contact of the wheel with the
rail on the value of the slippage rate in its flange contact. This article further examines the influence
of this factor for both wheel designs. The results of the presented studies confirm the possibility of
reducing slippage in the flange contact with the rail for a wheel of a promising design scheme in
comparison with a traditional wheel. Reducing the power of friction forces in the contact of the wheel
flange of a promising design scheme will reduce the resistance to movement of such a wheel along
the rail, especially in curved track sections.

Keywords: perspective constructive scheme; rail; slippage; friction forces; resistance to movement

1. Introduction

A wheel with a traditional wheel design of a rail vehicle is characterized by a monolithic design of
a wheel tread and a flange. Peculiarities of spatial geometry at the two-point contact of a wheel and a
rail deter-mine a high level of forced kinematic slippage in the flange contact. The speed of this slippage
and the values of the contact forces determine the corresponding power level of the friction forces in
the flange contact. This level is proportional to the value of the differential component of the kinematic
resistance to motion, which is a serious technical and economic problem for rail transport [1–6].

The improvement of the dynamic qualities of rail vehicles based on the lubrication of the contact
zone between the wheel and the rail, the optimal choice of the ratio of the hardness of the wheel
and the rail, as well as the selection of their conformal profiles allow us to solve this problem only
partially [1,2,7–11].

In cities, but also in other parts of countries, for example, in the mountainous areas of some
regions, trams are used for efficient passenger transport [12,13]. When we compare them with other
kind of rail vehicles for transport of passengers or goods, trams have usually lower weight and they
are designed for lower operation speeds. In cities, these means of transport achieve the optimal way

Appl. Sci. 2020, 10, 6758; doi:10.3390/app10196758 www.mdpi.com/journal/applsci

http://www.mdpi.com/journal/applsci
http://www.mdpi.com
https://orcid.org/0000-0003-3928-0567
http://dx.doi.org/10.3390/app10196758
http://www.mdpi.com/journal/applsci
https://www.mdpi.com/2076-3417/10/19/6758?type=check_update&version=2


Appl. Sci. 2020, 10, 6758 2 of 15

for passengers’ transport with reduced environmental impact of such locations. However, trams have
to meet certain specifics. One of them results from the fact, that trams have to often run a track with
curves of small radii. This sometimes leads to the impossibility of building a tramway track in the
intended location of a town [14–16]. Due to the small radii, there is an excessive wear on the wheel
tread surface and the wheel flange, and on the other hand there is an excessive wear of the rail head
surface [17].

This negative effect is possible to reduce by using independently rotating wheels with regards
to a wheelset axle, whereby there are several applications and producers of such solutions [18–21].
In comparison with a standard wheelset, however, different running properties of a rail vehicle (usually
trams) have to be considered. There is a relative rotational movement of the individual wheels relative
to the wheelset axle; therefore, some modifications of a drive-train and a braking system of a rail
vehicle are needed [22]. There is also the proposal of a tram, which would not be equipped with
independently rotating wheels, but it uses a specific wheel with additional wheel tread surface with a
smaller radius [23,24].

One way to solve this problem may be to improve the design of the rail vehicles wheels [1,3–5,25].
It is not possible to avoid the noted parasitic kinematic slippage in the flange contact without changing
the traditional wheel design, i.e., with a monolithic production of the wheel tread and the flange.
This idea was first formulated in [3].

In [3–5], efforts made to analyze the potential advantages of such a change in the wheel
design, which would allow independent rotation of its support surface against the flange relative
to their common axis of rotation (hereinafter referred perspective constructive scheme of the wheel).
Together the potential possibilities of reducing the differential component of the kinematic resistance
to the motion of the wheel with the perspective and traditional wheel design rolling on a rail with
two-point contact were evaluated. In this case, possible slippage in the main contact of the wheel and
the rail was neglected. However, when the wheel is rolling along the rail as a part of a rail vehicle,
the character of this rolling is significantly affected by the guiding forces in its connections with a bogie
and a body of wagon. This phenomenon can lead to the significant slippage into the main contact of
the wheel and the rail. These processes usually occur when multi-axle rail vehicles move in curved
sections of a track. Therefore, the purpose of this work is to clarify the features of the motion on a rail
of the wheel with perspective constructive scheme and to assess the potential advantages of its use to
reduce the resistance to motion when rolling with two-point contact in the presence of slipping into
the main contact.

2. Materials and Methods

The aim of the work is to clarify the features of the wheel movement on the rail with the perspective
wheel design and to assess the potential advantages of its use to reduce the resistance to movement
when it is rolling with two-point contact in the presence of slipping in the main contact.

The value of the differential component of the kinematic resistance to the movement of the rail
vehicle is significantly determined by the power of the friction forces between the contacting surfaces
at the points of contact of the wheel flanges with the rails [1,5,8]. For determining the possible effect of
reducing the kinematic resistance to motion, we compare the values of the components of the slippage
velocity in the flange contact when the wheel moves on the rail with the two-point contact for the
traditional and perspective wheel designs in the presence of slippage in the main contact.

2.1. Description of a Wheel Movement with a Traditional Wheel Design

Direction and modulus of the velocity vector of wheel flange slipping on the rail head in the
center of the flange contact for the general case of rolling on the rail of the traditional wheel design at
the speed VW, with the two-point contact, with an angle of running on the rail ψ in the presence of
slippage in the main contact of the wheel, and the rail at the velocity VA

1 , which we will define in the
same way as in [3–5]. We assume that slippage in the main contact of the wheel and the rail is not
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related to the application of traction or braking torque to the wheel (wheel of non-traction rail vehicle),
rather it is caused specifically by the reactions in connections of the wheel with a bogie. The calculation
schemes are shown in Figures 1 and 2.
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The diagrams (Figures 1 and 2) use the following designations:
A1 and B1—points denoting the centers of the main and ridge contacts, respectively;
rA

1 and rB
1 —the distance from the axis of rotation of the wheel to the center of the main and ridge

contacts, respectively;
.
φW—angular speed of rotation of the wheel relative to its own axis of rotation;
VW—the linear speed of the movement of wheel on the rail;
VA

1 —the speed of longitudinal slip in the main contact of the wheel;
hF—vertical displacement of the flange contact relative to the main one;
XF—“Outstripping” of the flange contact.
We assume, the wheel flange contacts the side edge of the rail head at a point located under the

main contact level (point A1) by the value hF (hF = 8 ÷ 10 mm) and toward in the direction of motion
(so-called “angle to attack”) at the distance XF (XF = 1 ÷ 3 mm).



Appl. Sci. 2020, 10, 6758 4 of 15

The flange attack position can be determined by the expression:

XF ≈
(
rA

1 + hF
)
· tanψ · tan β, (1)

where β is the angle of inclination of the conical part of the wheel flange and rA
1 is the rolling radius of

the wheel tread.
The angular velocity

.
ϕW of the wheel rotation about the axis of the wheelset o (axis of rotation o is

perpendicular to the plane of the scheme in Figure 1 in the point O) will be calculated as follows:

.
ϕW =

VW ±VA
1

rA
1

. (2)

The point B1 of the flange contact center sliding along the side edge of the rail head makes a
complex movement and it tries to turn around the instantaneous rotation center of the wheel (point A1)
at the velocity VO

1 (rolling without slipping) and, at the same time, the wheel is slipping along the
longitudinal axis of the rail at the velocity VA

1 [26]. The resulting instantaneous center of rotation of the
wheel will be at the point C.

The angle χ between the projection
→

V
B

1XZ of the slippage velocity vector
→

V
B

1 in the center of the
flange contact B1 on the plane xoz in the coordinate system associated with the wheel and the horizontal
axis can be determined using the following relation (Figure 1):

χ = arcsin(
xG

|CB1|
) (3)

The relative wheel slippage on the rail at the center of the main contact point A1 will be

ε =
VA

1

VW
. (4)

From the geometry shown in the calculating scheme depicted in Figure 1 we can write:

|OC| = rA
1 − |A1C|, |DC| = hF + |A1C|, |CB1| =

√
|DC|2 + X2

F, (5)

.
φW = VA

1 /|A1C| = VW/|OC| ⇒
VA

1

VW
= ε =

|A1C|
rA

1 − |A1C|
(6)

After transformations of expression (6), we obtain

|A1C| = rA
1 ·

ε
1 + ε

, (7)

.
φW = VW/|OC| = VB

1XZ/|CB1| ⇒

⇒ VB
1XZ = VW · |CB1|/|OC| = VW ·

√
(hF+rA

1 ·
ε

1+ε )
2
+X2

F

rA
1 ·(1−

ε
1+ε )

(8)

Respectively,

χ = arcsin(
XF√

(hF + rA
1 ·

ε
1+ε )

2
+ X2

F

). (9)

Analyzing expressions (3) and (6) we can see, that the value of the angle χ and the projection

modulus VB
1XZ slip velocity vector in a flange contact

→

VB
1 is unambiguously determined by the geometric

characteristics of the contact between the wheel and the rail, the parameters of their profiles, as well as
the value of slippage in the center of the main contact.



Appl. Sci. 2020, 10, 6758 5 of 15

Figure 3 shows the projections of the slip velocity vector
→

V
B

1 in the flange contact in the axis of the
coordinate system related with the wheel.
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Modulus of the corresponding projections of the slip velocity vector
→

V
B

1 in the flange contact in
the coordinate axis are determined as follows:

VB
1X = VB

1XZ · cosχ, VB
1Y = VB

1XZ ·
sinχ
tan β

, VB
1Z = VB

1XZ · sinχ. (10)

Then

VB
1 =

√(
VB

1X

)2
+

(
VB

1Y

)2
+

(
VB

1Z

)2
= VB

1XZ ·

√
(cosχ)2 +

(
sinχ
tan β

)
+ (sinχ)2 =

= VW ·

√
(hF+rA

1 ·
ε

1+ε )
2
+X2

F

rA
1 ·(1− ε

1+ε )
·

√
1 +

(
sinχ
tan β

)2
(11)

It is obvious, that in this case, the modulus of the vector
→

V
B

1 is also unequivocally determined by
the geometry of the contact of the wheel and the rail by the longitudinal velocity of the wheel and the
level of slip in the main contact.

The influence of the level of relative slippage ε in the main contact of the traditional wheel design
on the value of the slip velocity in its flange contact for various motion conditions are shown by the
graphs depicted in Figure 4. The calculations were carried out for the following values of the variables:
VW = 20 m/s, rA

1 = 0.475 m, hF = 0.01 m.
Analyzing the graph shows a significant effect of the level of relative slippage ε in the main contact

on the value of the slip velocity VB
1 in the flange contact of the traditional wheel design. This effect is

especially noticeable when the wheel moves with small angles to attack on the rail [27,28]. The graph
in Figure 4 clearly shows the minimum value VB

1 , which is reached when the value ε ≈ 0.02. This effect
is obviously related with the peculiarities of the spatial arrangement of the contact points between the
wheel and the rail under the given geometric characteristics and running conditions. For ψ = 0.0 rad,
the center of the flange contact coincides with the instantaneous center of the wheel rotation.
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Figure 4. Graph of dependency of the slip velocity VB
1 on the relative slippage VB

1 = f (ε,ψ),
the traditional wheel design.

2.2. Description of the Wheel Movement with a Perspective Wheel Design

Let us consider how the character of slip in the flange contact will change when the possibility of
independent rotation of the wheel tread and the wheel flange around their axis of rotation o-у will
be realized (perspective wheel design). To do this, in a similar way, we define the direction and the

modulus of the wheel flange velocity vector sliding on the rail
→

V
BA

1 in the center of the flange contact
under the same motion conditions as in the previous case (for the traditional wheel design).

The calculation scheme for this case is shown in Figure 5. We find location of the flange contact
center with the side face of the rail head at a point B1 (values hF and XF) in the same way as in the
previous case.
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In the diagram in Figure 5:
.
φF—the angular speed of rotation of the guide surface (flange) relative

to the axis of rotation of the wheel.

For determining the direction of the velocity vector
→

V
BA

1 , it is necessary to take into account that
the guiding surface of the wheel (flange) participates in a complex movement together with the wheel
tread surface of the wheel. The carrying velocity at the center of the flange contact point B1 will be
VBP

1 = VW ±VA
1 .
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At the same time, the point B1 of the flange contact center is in relative motion at the velocity VBO
1

about the common rotation axis o-y the wheel tread surface and its flange passing through the point O
along the normal direction to the plane of the scheme shown in Figure 5.

We will find the direction and the modulus of the projection vector the velocity
→

V
BA

1XZ in the
coordinate system related with the wheel flange point B1 movement:

→

V
BA

1XZ =
→

V
BP

1 +
→

V
BO

1 . (12)

From the condition, that the conditional center of the flange moves at the velocity VW ± VA
1

together with the geometric center of the wheel tread surface, we find the position of the instantaneous

center of flange rotation E in the intersection of normals of the velocity vectors
→

VW and
→

V
BA

1XZ, which are
held in their points of application. In this case, the angle χ′ between the vector of the projection of the

absolute slip velocity in the center of the flange contact
→

V
BA

1XZ on the rolling plane of the wheel and the
horizontal plane is determined by the formulation:

χ/ = arcsin
(

XF

|EB1|

)
. (13)

where
|EB1| =

√
|ED|2 + X2

F. (14)

From the analysis of the calculation scheme in Figure 5 it follows, that

|ED| =
VW

.
ϕF
− rA

1 − hF and VW =

.
ϕk · r

A
1

(1 + ε)
. (15)

Then,

χ/ = arcsin

 XF√[( .
ϕW.

ϕF ·(1+ε)
−1

)
·rA

1 −hF

]2
+X2

F

 =

= arcsin

 (rA
1 +hF)·tanψ·tan β√[( .

ϕW.
ϕF ·(1+ε)

−1
)
·rA

1 −hF

]2
+[(rA

1 +hF)·tanψ·tan β]
2

.

(16)

The modulus of the velocity
→

V
BA

1XZ will be determined when considering the calculation scheme in
Figure 5 as follows:

• From one side:
.
φF =

VBA
1XZ
|EB1|

, (17)

• From the opposite side:
.
φF =

VW

|EO|
. (18)

where
|EO| = rA

1 + hF + |ED|, (19)

Then we can write:
VBA

1XZ
|EB1|

=
VW

|EO|
, (20)
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After simple transformations we get:

VBA
1XZ = VW ·

√
|ED|2 + X2

F

rA
1 + hF + |ED|

, (21)

By considering (1) and (15) we get:

VBA
1XZ = VW ·

√[(
.
ϕF·

.
ϕW.

ϕF ·(1+ε)
−1

)
·rA

1 −hF

]2
+X2

F
.
ϕW.

ϕF ·(1+ε)
·rA

1

=

=
.
ϕF ·

√[( .
ϕW.

ϕF·(1+ε)
− 1

)
· rA

1 − hF

]2
+

[(
rA

1 + hF
)
· tanψ · tan β

]2
.

(22)

Using expressions similar to expressions (10) we can write:

VBA
1 =

√(
VBA

1X

)2
+

(
VBA

1Y

)2
+

(
VBA

1Z

)2
= VBA

1XZ ·

√
(cosχ/)

2
+

(
sinχ/

tan β

)2
+ (sinχ/)

2
=

=
.
ϕF ·

√[( .
ϕW.

ϕF·(1+ε)
− 1

)
· rA

1 − hF

]2
+

[(
rA

1 + hF
)
· tanψ · tan β

]2
·

√
1 +

(
sinχ/

tan β

)2
.

(23)

Obviously, if there is a constructive possibility of turning of the flange relative to the wheel tread

surface, then the angle χ′ of inclination to the horizontal plane of the projection
→

V
BA

1XZ of slip velocity
vector of the flange on the rail and the modulus of this vector will also depend on the ratio of the
angular velocity of the wheel rotation and the flange.

Given the values
.
ϕF at a fixed value

.
ϕW and ε, one can obtain the corresponding values of the

angle χ′ (Figure 6) and the modulus of the velocity vector
→

V
BA

1 (Figure 7).Appl. Sci. 2020, 10, x 9 of 15 
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1 , VBA

1 = f (
.
ϕF), the speed at VW = 20 m/s and for

ε = 0.01 and ψ = 0.015 rad.

When we analyze the graph shown in Figure 6, we can see that the value of the angle χ′ is
relatively small, essentially in the entire considered range of values of angular velocity

.
ϕF and only at

values
.
ϕF →

.
ϕW ·

rA
1

rB
1

at the given longitudinal velocity of the wheel, the value of the angle χ′→ π/2.

In this case, the projection of the slip velocity vector
→

V
BA

1XZ of the flange along to the side edge of the rail
head onto the rolling plane of the wheel directs perpendicularly to the horizontal direction and the
modulus of this vector reaches the minimum value. For example, for the angle to attack ψ = 0.015,
ε = 0.01, and rA

1 = 475 mm, the ratio rA
1 /rB

1 is of 0.979. With the indicated ratio of the angular velocities
of the tread surface and the flange of the wheel, the linear longitudinal velocity of movement of the
main centers and the flange contacts can be considered approximately equal, when the wheel is rolling
at a constant linear velocity VW = 20 m/s.

From the graph depicted in Figure 7 it can be seen, that at χ′ = π/2 for the given running conditions,
the value of the slip velocity in the flange contact VBA

1 is small, but it does not equal to zero.
Analyzing the expression (19), it is possible to determine the possible modes of the wheel motion,

in which VBA
1 → 0. Obviously, this must simultaneously meet the conditions XF→ 0 and |ED|→ 0.

The value XF = 0 is achieved, when the approach angle ψ wheels on rail, it equals to zero.

As |ED| =
( .

ϕW.
ϕF·(1+ε)

− 1
)
· rA

1 − hF, that the condition |ED|→ 0 can be performed (with a fixed

value
.
ϕW) when:

.
ϕF =

.
ϕW(

hF
rA
1
+ 1

)
· (1 + ε)

=

.
ϕW
K∗w

, (24)

where

K∗w =

hF

rA
1

+ 1

 · (1 + ε), (25)

Considering the values hF, ε and rA
1 , we get the value K∗w = 1.031 and its possible changes

can be neglected. It means, that in the given mode of the wheel rotation with the perspective wheel
design, there is a possibility of the absence of the kinematic slip in the flange contact, i.e., the velocity
VBA

1 = 0 m/s and it can happen for ψ = 0.00 rad and
.
φF = 0.97 ·

.
φW .

The graph of dependency function K∗w = f (ε) is shown in Figure 8.
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The calculated results shows that the level of slippage in the main contact of the railway wheel with
the perspective wheel design with the rail influences the value of the optimal ratio of angular velocities
of the wheel tread surface and its flange. This influence is quite insignificant—in the considered range
of relative slippage ε variation in the indicator K∗w it does not exceed 5%.
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Analyzing the graphs depicted in Figure 9 we can also confirm the insignificant influence of the
level of the relative slip ε in the main contact on the value of the slip velocity VBA

1 in the flange contact
of the railway wheel of the perspective constructive scheme.
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When we take into account the absence of strict restrictions on the value of the angular velocity
of the movable flange in the wheel with the perspective wheel design, the stationary state of the
considered mechanical system can be determined. We use the well-known principle of the minimum
entropy of the system (the minimum energy dissipation). This principle states that if not a single state
of the system is permissible, but a certain set of states consistent with conservation laws and constraints
imposed on the system, then its state is realized, which corresponds to the minimum increase in the
entropy of the system or, which is the same, the minimum energy dissipation.

Therefore, we can consider, that the quasi-static state (steady state) of the investigated system
(a wheel with a movable flange interacting with a rail) is its state, in which the energy dissipation in
the flange contact is minimal [4].

When we want to assess the effectiveness of the perspective wheel design from the reducing the
kinematic resistance to movement point of view, we have to determine how much the power of friction
forces in the flange contact can be reduced using these wheel design.

The value of the instantaneous power of the friction forces is usually represented as the scalar
quantity of the friction force vector in the flange contact B1 and the vector of the corresponding
instantaneous sliding velocity of the flange point B1 on the rail.

When we take into account the fact that the friction force vector is directly opposite to the vector
of the corresponding instantaneous velocity, i.e., δ = π and cosπ = −1, in our case, the magnitude of
the power of friction forces in the flange contact when using the traditional constructive scheme PB

1
and the perspective constructive scheme of the wheel PB/

1 can be determined, respectively, from the
expressions (26), (27):

PB
1 =

∣∣∣FB
1 ·V

B
1

∣∣∣, (26)

PB/
1 =

∣∣∣FB/
1 ·V

BA
1

∣∣∣, (27)

Some calculation results are shown in Figure 10, where graphs of the function dependencies
VB

1 = f (
.
ϕF) and VBA

1 = f (
.
ϕF) at the velocity VW = 20 m/s, FB

1 = 12,500 N, ε = 0.01 and ψ = 0.015 rad
are depicted. There is noticeable decrease of the friction forces power dissipated in the flange contact
of the perspective wheel design in comparison with the traditional wheel design for the given running
conditions in the range of angular velocities of the flange 39.8 rad/s <

.
ϕF < 42.5 rad/s.
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Analyzing these dependencies graphs we identify, that when the perspective wheel design
is applied, it is possible to reduce the friction forces power dissipated in the flange contact to
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60% for a certain ratio of the angular velocities of the wheel tread surface and its flange for given
running conditions.

Although the presented technical solution does not allow such a significant relative rotation of the
wheels on the same axle relatively to each other as it is in the case of using independently rotating
wheels described above, it does combine advantages of the traditional wheelset with wheels pressed
on an axle with advantages of independently rotating part of the wheel flange, which reduces negative
effects related with rail vehicle running through curves with small radii [29].

Clarification of the features of the movement of wheels with various designs on the rail with
two-point contact points taking into account slippage in the main contact, made it possible to specify
the following:

• The level of slippage in the main contact of the perspective wheel design insignificantly influences
the value of slippage speed in its flange contact. For the traditional wheel design, this effect is
more significant

• The results of the calculations confirm the possibility of a significant reduction of the slip rate in
the flange contact for the perspective wheel design compared with the traditional wheel design.
This gives reason to expect a reduction of the corresponding friction forces power in these contacts
and a reduction of the resistance to move the rail vehicles if they were equipped with wheels with
the perspective wheel design, especially when they move in curved sections of a railway track

In further research, a great effort is to proceed in the study by creating a model of the presented
technical solution of the wheel with the perspective wheel design in MBS software [30–33]. A created
model will allow us to compare dynamic properties of a wheelset or a rail vehicle equipped with
wheels with the traditional wheel design with dynamic properties of a rail vehicle, whose wheels the
perspective wheel design will be used on. In MBS software, it will also be possible to define the real
geometry of a track, including track irregularities [34], to change appropriate parameters, such as
running speed, radius diameters, etc. In this way, it will be possible to verify the achieved presented
results. We suppose, the calculation of the contact surface of the wheel will be different, because for the
two-point contact, i.e., the wheel tread and the flange, a relative motion of these two contact points
will occur. The objective of the research will be to investigate, whether it will be possible, and with
what reliability, we can apply known algorithms for calculation of the wheel/rail contact [35–37].
Furthermore, the research will continue in terms of studying of structural properties of the perspective
wheel design. It is obvious, the distribution of stress, as well as heat in the wheel with the perspective
design, will be significantly different in comparison with the wheel with the traditional design [38–40].
Undoubtedly, attention should also be paid to the issues of traffic safety of rail vehicles with wheels of
the perspective constructive scheme [41].

4. Conclusions

The features of the spatial geometry of the wheel/rail contact related with the traditional wheel
de-sign cause forced kinematic slippage in the contact point of the wheel flange with the side edge of
the rail head in case of a two-point contact.

In the article, features of rolling of wheels with the traditional wheel design and with the
perspective wheel design including slippage in main contact were considered. The perspective
constructive scheme of the wheel allows the independent relative rotation of the support surface of the
wheel and of its guiding surface, i.e., of its flange, relatively to their common axis of rotation.

The study showed that the level of slippage in the main contact of the wheel with the perspective
wheel design insignificantly influences the value of the slip velocity in its flange contact. For the
traditional wheel design, this influence is more significant.

The calculations confirm the possibility of a significant reduction of the slip velocity in the flange
contact, and accordingly, the reduction of the friction force power in the contact of the rail and the wheel
with the perspective wheel design in comparison with the traditional wheel design; this includes when
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driving with slippage in the main contact. The results obtained confirm the possibility of reducing the
resistance to movement of rail vehicles with wheels of a perspective constructive scheme.
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